We study the local conserved charges in integrable spin chains of the XYZ type with nontrivial boundary conditions. The general structure of these charges consists of a bulk part, whose density is identical to that of a periodic chain, and a boundary part. In contrast and a general method of obtaining the boundary terms is indicated. In contrast with the closed case, the XXX charges cannot be described in terms of a Catalan tree pattern.
Introduction
Recently we have obtained the structure of the local conserved charges for the XXX chain [1] and some of its generalizations: the isotropic su(N ) spin chain and the octonionic model [2] . Explicit expressions -in the form of a Catalan tree pattern -have been derived for all the charges. Different extensions of these results can be considered. In the present work we study the modification of the Catalan tree pattern for open (finite) chains. It turns out that conservation preserving boundary terms do not always exist. For instance, for the XY closed chain, there are two infinite sequences of local charges, that is, {H (1) n } and {H (2) n }, for all integer values of n, where n indicates the highest number of adjacent spin factors of the charge density. In the open case, there are no appropriate boundary counterterms for half of these charges. There remains only one charge for each value of n. For the closed XXX chain, we know that there exists one local charge H n for each positive integer n. However, for the open XXX case, only the charges with n even survive. In particular, H 3 does not exist! A major technical difficulty encountered in deriving explicit expressions for the conserved charges for open chains is caused by the non-existence of a boost operator, whose commutation with the hamiltonian would generate the higher order charges. As a result, there is no systematic and effective way of obtaining the expressions for the first few charges. In spite of this, one could try to find them by brute force and see whether an underlying pattern emerges. From the expressions of H 4 and H 6 obtained for the XXX open chain, this would seem to be so: their boundary parts can be written in terms of the same spin polynomials as their bulk part and they can actually be expressed in terms of lower order 'bulk charges' localized at the boundaries. However, this is not a generic feature: H 8 cannot be written in this polynomial basis.
The article is organized as follows. In the next section, we review the transfer matrix formalism. This is used to show the absence of odd degree local conserved charges. A second argument is worked out in the following section, from a computational approach: the charge is written as a sum of a (known) bulk piece and a set of boundary counterterms to be fixed. We show that in H n the counterterms must cancel a Catalan-tree bulk-type charge localized at each boundaries. We then demonstrate that no such terms can be found for H 3 and then for all H 2n+1 . The explicit form of the first few nontrivial charges is presented. Unfortunately the simple polynomial basis used to describe the closed XXX charge is inadequate in the open case, thus making it very hard to find a general expression for all the charges. Straightforward generalizations and conclusions are reported in the final section.
The general structure of local conservation laws in open chains
In this section we briefly recall the transfer matrix formalism and use it to determine the general structure of conservation laws in open spin chains. This will be done first for the relatively simple spin-1/2 XXX model, and later the extension of the argument to more general integrable chains will be indicated.
The integrable spin chain with nontrivial boundary conditions [3] is described by the transfer matrix
u is the spectral parameter and T (u) is the monodromy matrix, whose trace gives the usual (closed) chain transfer matrix:
(the subscripts 'o' and 'c' refer to open and closed cases respectively). The monodromy matrix is constructed from the basic R-matrix of the model
3)
The index i = 1, · · · , N labels a vector space at site number i and 0 refers to internal or auxiliary space, over which the trace in (2.1) is taken. K + , K − are respectively left and right boundary matrices. For the XYZ model, the most general form of these matrices compatible with integrability has been derived in [4] . For free open boundaries, to which we confine ourselves for the most part of this work, K ± = I, the 2 × 2 identity matrix.
The transfer matrix can be used as a generating function for the conserved quantities.
It follows from the Yang-Baxter equation that any derivative of the transfer matrix commutes with the hamiltonian (which is, by construction, the first logarithmic derivative of the transfer matrix, taken at the particular value u = 0 of the spectral parameter). The quantities obtained in this way are however nonlocal, i.e., they contain spin interactions at distances growing arbitrarily when the length of the chain is increased. To obtain local conserved quantities out of the transfer matrix, one needs to take logarithmic derivatives [5] . We will first concentrate on the spin-1/2 XXX chain, whose R matrix takes the simple
where P is the permutation operator. The derivatives of the transfer matrix of the closed chain are: 5) where the sum goes over all ordered clusters C of (N − n) points, that is, sets {i 1 , . . . i N−n } with i 1 < i 2 < . . . < i N−n . P R (C) (and P L (C) appearing below) denote the cyclic permutation of the spins of the sequence C to the right (or to the left, respectively). In particular,
where Λ = {1, 2, . . . , N }. The logarithmic derivatives of the transfer matrix yield local charges. In particular, using
it can be easily seen that
The permutation operator above can be written as
(where σ i denotes a Pauli matrix at site i) and thus (2.8), up to a constant, coincides with the hamiltonian of the periodic XXX chain.
Let Q c n denote the (n − 1)-th logarithmic derivative of t c (u) at u = 0:
In terms of v k defined as
we have 12) where p n−1 is a homogeneous polynomial (of degree n − 1) in v 1 , . . . , v n−2 . These charges are translationally invariant and can be written in the form
where the density q n (j) contains interactions of at most n spins on sites {j, j + 1, . . . , j + n − 1} (addition understood modulo N ).
Consider now the chain with open free boundaries (K ± = I). Conserved charges may be obtained from the expansion of the logarithm of the transfer matrix t o (u):
(2.14)
We will now argue that for n even, the leading term -that with the greatest number of interacting spins -in the above expression is the same as in the closed case. By construction,
where I is the 2 N × 2 N identity matrix. Therefore,
where p n−1 is the same polynomial as in (2.12) . Consider first n to be even. From (2.1)
we get
where r n−1 is a homogeneous polynomial of degree n − 1 in the variables v 1 , . . . , v n−2 .
Note that (2.16) and (2.12) both contain the same local term
(with the addition understood modulo N for the closed chain). For the closed XXX chain, the set of local conserved charges obtained from the transfer matrix has been shown to be complete (see [6] ). This means that any local conserved quantity in the closed chain must be a linear combination of the logarithmic derivatives of the transfer matrix t c (u).
In particular, this implies that given the leading term in Q c n (the one describing n-spin interactions), there is a unique set of subleading terms ensuring the commutativity of Q 
where
(i.e., we take only clusters that do not 'jump' over the boundary) and q L 2m (q R 2m ) stands for boundary terms at the left (right) boundary. As we will show in sect. 3, the boundary terms involve at most the 2m − 2 spins adjoining the boundary.
In contrast, when n is odd, i.e., n = 2m + 1, there is no totally local term in Q o n :
and the n-spin contribution vanishes. In consequence, the bulk part of Q o 2m+1 is zero, implying that for n odd, Q o n must be trivial. The absence of odd-order charges is in fact a simple consequence of the chain reversal symmetry of the open chain, i.e., its invariance under the transformation
This symmetry is specific to the open case: the transfer matrix of the periodic XXX chain is not invariant under (2.22):
Indeed, it is easy to see from the explicit form of the local conserved quantities of the XXX chain (see [1] ), that the logarithmic derivatives of t c (u) of odd degrees (corresponding to charges with an even number of spins) do not change under (2.22), while those of even degree (corresponding to odd number of spins) change sign.
In contrast, the transfer matrix of the open XXX chain is invariant under the operation (2.22). Using
t o (u) can be written in the form
Under (2.22), it transforms as The above argument for the spin-1/2 XXX chain may be similarly applied to the open XYZ chain. As before, the key step is to observe that, for n even, (2.16) and (2.12) both contain the same local leading term with n spins interacting. In the XXX case, one could use the completeness property of the system of charges generated by the transfer matrix of the periodic chain to show that the bulk density in the open case must coincide with the density of the periodic chain. To our knowledge, the completeness of the system of charges (2.10) for the general XYZ case has not been established. However, considering the infinite limit of the open chain, one may conclude that the bulk density of the conserved charge (2.10) must coincide with the density of the corresponding closed chain expression, modulo the densities of additional conserved charges (which do not have to be generated by the transfer matrix (2.2)). Therefore, the set of conserved quantities generated from the transfer matrix still has the general structure (2.19), but the bulk density may now, a priori, contain additional contributions. For n odd, there is no n-spin local term in (2.16), and in consequence the bulk density of Q 2m+1 must vanish. As for the XXX case, this can be viewed as a consequence of the chain reversal symmetry (2.22). Recall that the basic R matrix of the XYZ model satisfies the unitarity requirement
where ρ(u) is some scalar function. Using (2.27), the transfer matrix of the open XYZ chain can be rewritten in a form which is manifestly invariant under (2.22):
(2.28) Note that the above argument does not exclude a possible existence of additional odd-spin conserved charges not given by the formula (2.10). Such a situation indeed exists for the XY model (see sect. 4). However, this is not expected in the non-degenerate XYZ case, for which the system of charges generated from the transfer matrix is likely to be complete.
The calculation of the conserved charges for the open XXX model
The model-defining hamiltonian for the XXX chain with free open boundaries is
where σ stands for the vector (σ x , σ y , σ z ), σ's being the usual Pauli matrices. As we have seen in the previous section, higher-order charges will have a bulk part and a boundary part. It is convenient to redefine the charges so that in the bulk they will be described by the Catalan tree pattern [1] . (This corresponds to a change of basis from {Q n } to {H n } where such that H n does not contain any linear combination of lower order H m 's. This change of basis corresponds to taking linear combinations of the logarithmic derivatives of the transfer matrix). We thus look for charges in the form
where h L n and h R n are boundary terms located respectively at the left and right extremity of the chains (their precise extension will be evaluated later); these are the unknowns to be determined. With the above ansatz, we assume the chain to be sufficiently long to prevent a mixing of boundary terms from opposite boundaries. Recall that the local integrals of motion for the closed XXX model can be expressed as linear combinations of the F c n,k 's defined as
C (n,k) stands for the set of all n ordered sites with k holes (i.e., the sites are not necessarily adjacent) and C is some cluster among this set. f n (i 1 , i 2 , · · · , i n ) is defined as 
where the coefficients α k,ℓ are the generalized Catalan numbers (1, 2, 6), (1, 3, 6) , (1, 4, 6) , (1, 5, 6) .) Denoting ], these are precisely those resulting terms that live in the semi-infinite chain, i.e., on sites i ≥ 1. Our first step is thus to evaluate this commutator:
where R L n stands for left remainder. This expression is readily evaluated: it is a sort of anti-boost, that is, the inverse of the boost action that generates H n+1 from H n . In the boost operation, [H 2 , H n ] gives, in addition to H n+1 , some lower order local charges. This turns out not to be the case for the anti-boost calculation. We find the remarkably simple
where H bulk n−1 restricted to the left boundary contains only those terms of H bulk n−1 whose leftmost spin is at site 1. This is proved below.
Let us first introduce a schematic way of describing the related calculations. To represent the monomial f n (i 1 , i 2 , · · · , i n ) we use a sequence of dots, with black dots corresponding to occupied sites. For our purposes, we will only need sequences of dots based at site 0 (that is, the first dot represents i 1 = 0). For instance f 6 (0, ..., 5) and f 4 (0, 1, 3, 5) are represented respectively by
and
The commutation relation
will then be represented by the following diagram:
The contraction in this diagram indicates taking the value of the commutator of the 'link' (i.e., the σ 0 · σ 1 operator) with the f polynomial represented by a sequence of dots. In the following, we will implement the projection onto the semi-infinite chain by setting to zero all spin factors at site i ≤ 0, that is, by droping the terms whose first dot is occupied. This projection will be indicated by an arrow. For example, in (3.13) it amounts to setting to zero the term σ 0 · σ 2 :
Here are sample calculations of
It is clear that the only terms in H 4 that will contribute to this commutator, after the projection, are those whose leftmost spin is at site 0. The contribution of F 4,0 is
The commutator with F 2,1 does not survive the projection:
The result is exactly the part of F 3,0 based at the left boundary, that is,
we have
We thus obtain
Having worked out these examples, let us return to the proof of the general identity 
The existence of a conserved charge is thus reduced to the existence a suitable h L n satisfying this equation.
In this framework, the non-existence of H 3 is simply established: there are no h L 3 , build up with 1 or 2 spin factors, that could cancel 4i σ 1 · σ 2 upon commutation with
The same argument also implies the non-existence of any odd charge, simply because H (∞) 2n+1 contains a three-spin piece and h L 2n+1 would have to contain exactly the same counterterm required to make a charge H 3 . Equation (3.23) implies that the boundary part in H n may contain only interactions of up to n − 2 spins adjoining the boundary. For the spin-1/2 chain, the most general term containing multi-spin interactions is a multilinear polynomial in spin variables, which can be equivalently represented in the permutation basis as a linear combination of permutations of the n − 1 spins at the boundary (with (n − 1)! arbitrary coefficients). These coefficients are then fixed by enforcing the condition (3.23). The first two boundary terms are:
A particularly useful set of polynomials in spin variables is provided by the f n (C)'s (where C is an ordered cluster (i 1 < · · · i n )), introduced above as the building blocks of the bulk part of H n . They can be expressed in terms of permutations as follows:
In particular,
The boundary terms h 
where C (n,k) (j) stands for the set of (n, k) clusters based at site j (recall that k indicates the number of holes). Then we have:
One might hope that all the higher boundary terms could be similarly expressed in terms of the polynomials f n,k (j), which would significantly reduce the number of coefficients in the ansatz for the boundary part of H n . It is easily seen to hold for the leading boundary term:
Unfortunately, this is not true in general for the subleading terms as can be seen from the
Since the last term corresponds to a disordered cluster, h L 8 cannot be rewritten as a linear combination of the simple polynomials f n (C) (with C ordered). Higher-order boundary terms are rather complicated and no simple pattern seems to emerge.
The XY chain and related models
In this section, we present the results for the conservation laws of the open chain of the XY type. The basic open XY model is defined by the hamiltonian:
As is well known, by a the Jordan-Wigner transformation, the XY chain (regardless of the boundary conditions) can be reduced to a free fermionic theory. Not surprisingly, the conserved charges for free-fermion chains have a particularly simple form. For periodic boundary conditions, the conservation laws have been described in [7, 8, 9, 10 ] (see also [1] ).
An interesting feature of the closed XY case is the existence of two independent families of conservation laws, which both persist when the model is perturbed by a perpendicular (i.e., in the z-direction) magnetic field. As we will see shortly, when the closed chain is cut open, only half of each family survives.
We consider first the particularly simple special case λ x = λ y = 1 (the XX model).
We introduce the notation (for n ≥ 2) Their bulk parts are given by
The family of conservation laws for the scalar hamiltonian is:
For example, can be verified by a straightforward calculation, using
where 1 < j < N .
Similarly, one obtains the family of conservation laws for the open chain pseudoscalar hamiltonian H
n =H
(4.20)
The two families {H
n } and {H
n } do not commute with each other. In particular, the charges {H This expression gives the bulk density of the conserved charge H n for the open XY chain
The border part is given by and
and β i = α i (λ x ↔ λ y ) (i = 2, 3), κ being arbitrary.
We end this section with a remark on the open Hubbard model:
where a † j,s and a j,s are fermionic creation and annihilation operator of an electron of spin s at site j, satisfying the anti-commutation relation:
U is a coupling constant and
The integrability of this system has been established by means of the Bethe Ansatz in [12] .
As is well known, this model may be equivalently regarded as two coupled XX chains:
(where σ and τ denote two independent sets of Pauli matrices). The local conserved charges of the Hubbard model have been investigated in [1] for the case of periodic boundary conditions. For free open boundaries, the first nontrivial charge is found to be given by the restriction of the corresponding closed chain expression (see [1] ), and
Unlike the XY case, no odd-order charges exist.
Further generalizations and conclusions
Our initial objective for this work was to obtain a closed form expression for the there is thus no recursive way of constructing the charges.
In a sense, the problem has been solved half-way: we showed that the expressions for the charges split in two parts, a known bulk part and boundary corrections; we showed further how these corrections can be calculated systematically (and wrote down the leading boundary contribution).
Moreover, we have demonstrated that an open chain has half as many local conserved charges as its closed version with an identical number of sites. This is reminiscent of the reduction, by a factor 2, of the order of the two-dimensional conformal group induced by a boundary: in presence of a boundary, the holomorphic and antiholomorphic Virasoro modes are no longer independent! It should be stressed that the basic structure of the even-order conservation laws generated from the transfer matrix -i.e., the separation into bulk and boundary parts -is a direct consequence of the construction (2.1). The structure (2.19) characterizes therefore a large class of integrable chains with nontrivial boundary conditions. Moreover, in models where the transfer matrix does not generate the complete family of conservation laws, the additional conserved charges are expected to exhibit the same separation into the bulk and boundary pieces. 
Anisotropic versions of the XXX model can be studied in similar way; again, the only difference is that the structure of conserved charges is more complicated. For instance, the first nontrivial conserved charge for the XYZ chain with free open boundaries is For all these generalizations of the spin-1/2 XXX model, local conserved charges of odd degrees are also absent. 4 As already mentioned, this result is encoded in the transfer matrix formulation of the open chain models. Notice that when there are nontrivial boundary conditions, hence nontrivial matrices X ± , the spin reversal transformation σ n ↔ σ N+1−n must be accompanied by the interchange of K + and K − . We expect that the same conclusion will hold true for higher-spin chains and even nonhomogeneous chains 4 One might ask whether there are some boundary conditions such that the only charges present, including the hamiltonian, are of odd degree. However, this seems impossible: for example, for the XXX model with nonperiodic boundary conditions, the lowest order odd charges
and H bulk 5
cannot be deformed in a way that preserves their mutual commutativity.
with different spin representations at different sites (provide that the sequence of spaces V 1 , V 2 , · · · , V N is invariant under the interchange of sites n and N + 1 − n).
For the simpler XY model, we could obtain the exact expression for all the charges.
Here again, there is no open chain deformation for half of the closed chain conserved charges, and as for closed chains, half of the charges cannot be obtained from the power expansion of the transfer matrix.
It is worth mentioning that for a particular choice of boundary terms the XXZ chain is endowed with quantum algebra symmetry U q [su(2)] [13] . Clearly, the corresponding family of local conserved charges is then invariant under the action of this quantum algebra.
However, this additional symmetry does not seem to lead to a significant simplification in the pattern of the conserved quantities.
In ref [14] , we have proposed a simple integrability test for closed chains with shortrange intereactions. This test essentially boils down to the existence of a conserved charge H 3 (more precisely, we conjectured that the nonexistence of H 3 means nonintegrability).
This test needs to be modified for open chains in an obvious way; here it is the existence of H 4 that should characterize the class of integrable models. 
Appendix

